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By revealing an underlying relation between the Dzyaloshinskii-Moriya interaction (DMI) and the
scalar spin chirality, we have developed the theory of magnon thermal Hall effects in antiferromag-
netic systems. The dynamic fluctuation of the scalar chirality is shown to directly respond to the non-
trivial topology of magnon bands. In materials such as the jarosites compounds KFe3(OH)6(SO4)2
and veseignite BaCu3V2O8(OH)2 in the presence of in-plane DMI, the time-reversal symmetry can
be broken by the fluctuations of scalar chirality even in the case of coplanar q = 0 magnetic config-
uration. The spin-wave Hamiltonian is influenced by a fictitious magnetic flux determined by the
in-plane DMI. Topological magnon bands and corresponding nonzero Chern numbers are presented
without the need of a canted non-coplanar magnetic ordering. The canting angle dependence of
thermal Hall conductivity is discussed in detail as well. These results provide a clear principle of
chirality-driven topological effects in antiferromagnetically coupled systems.
I. INTRODUCTION
Topological excitations of quantum matter are the sub-
ject of extensive interest in condensed matter physics.
They have been theoretically predicted and experimen-
tally observed in electron systems [1–5]. Topological
band structure of electrons can be probed by the Hall
effect, linked to the Berry curvature throughout the Bril-
louin zone [6, 7]. In principle, the concept of topological
band theory is independent of the statistical nature of
(quasi-)particles. Therefore, the concepts of topological
excitations can be extended to neutral bosonic systems
such as photons [8–10], phonons [11–16], and magnons
[17–35]. For spin systems, the magnons do not experi-
ence a Lorentz force, which usually drives the electronic
Hall effects, but a thermal version of the Hall effect in-
duced by a temperature gradient [17]. The thermal Hall
effect has been confirmed experimentally in insulating
pyrochlore [18] and kagome ferromagnets [24, 25].
Ordered magnetic insulators with topological magnons
as the analogue of Chern insulators requires inherently
to break time-reversal symmetry (TRS) [1]. In the most
cases without applied external magnetic fields, the TRS-
broken state is closely related to the (scalar) spin chirality
χˆijk = Si · (Sj × Sk) [36, 37]. For ferromagnets, Katsura
et al. showed that the scalar spin chirality, emerging
in the form of ring exchange, provides a fictitious mag-
netic field for the magnons [17]. In the low temperature
limit, the thermal Hall conductivity κxy is found to be lin-
early dependent on the fictitious magnetic flux. In Refs.
[26, 38], Lee et al. generalized the intimate connection
between the spin chirality and the Hall-like transport in
purely spin systems (including paramagnetic and spin-
liquid regimes) based on the linear response theory. On
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the other hand, for antiferromagnets such as frustrated
kagome magnets, a noncoplanar spin configuration with
finite averaged scalar spin chirality 〈χˆijk〉 breaks TRS
spontaneously and macroscopically and is believed to re-
spond to the nontrivial topology and the corresponding
magnon Hall effect [39, 40]. However, a large magnon
thermal Hall conductivity can be found even when the
scalar spin chirality is very small [41]. This contradic-
tory phenomena suggests that, unlike the cases of fer-
romagnets, the role of the spin chirality on magnon Hall
effects in antiferromagnets still remains puzzling in many
aspects.
In the present study, we show that the coplanar q = 0
magnetic structure on kagome antiferromagnets can give
a finite thermal Hall effect if the in-plane Dzyaloshinskii-
Moriya interaction (DMI) exists. It is obviously that the
non-coplanar spins with finite scalar chirality can’t be re-
garded as the single source of topological magnon bands
in frustrated antiferromagnets. One needs to investigate
the underlying mechanism in more depth. Here we con-
sider magnetically ordered insulating systems, the ther-
mal transport is mainly carried by the quantized spin
fluctuations (magnons). Therefore, it is worthwhile to
conduct an investigation into the fluctuation of the scalar
chirality up to the second order in δSi = Si − 〈Si〉, i.e.,
δχˆijk = 〈Si〉 · (δSj × δSk), which is more relevant to
magnonic transport than does the scalar chirality 〈χˆijk〉.
Moreover, even if the scalar chirality 〈χˆijk〉 = 0, the fluc-
tuation δχˆijk can have a finite value and break dynam-
ically the TRS, leading to topological magnons. Similar
to previous studies [17, 39, 41], we examine the DMI
term Djk · (Sj × Sk), which is rewritten to include an
effective ring exchange interaction of three neighbouring
spins, ∼ KΦ/S [Si · (Sj × Sk)] and to introduce explicitly
δχˆijk to the spin-wave Hamiltonian. We show that the
component of DM vector (Djk) parallel to the 〈Si〉 can
lead to a finite magnetic flux KΦ and nontrivial topolog-
ical effects. The perpendicular component, however, is
2FIG. 1. (a) The honeycomb lattice with collinear order (left).
The DMI (yellow circle) points out-of-plane at the midpoint
of the next-nearest-neighbour bonds. The angle between the
collinear spin moment and the honeycomb plane is indicated
by η (right). (b) The honeycomb lattice with non-collinear
order. DMI is same as in (a). (c) Coplanar q = 0 spin config-
uration on the kagome lattice with positive vector chirality.
DMI (yellow circle) is perpendicular to the kagome plane at
the midpoint of the nearest-neighbour bonds. (d) Coplanar
q = 0 spin configuration on the kagome lattice with positive
vector chirality. DMI (yellow arrow) lies in the kagome plane
and is perpendicular to the midpoint of the nearest-neighbour
bonds. The green arrows indicate the directions of spins.
irrelevant to the thermal Hall effect. Analogous to ferro-
magnetic systems, the principle (no-go theorem) [17] is
generalised to rule out the magnon thermal Hall effect in
coupled antiferromagnetic systems.
The article is organised as follows. In Sec. II we ex-
plicitly give out the relation between the DMI and the
fluctuation of spin chirality, and emphasize the impor-
tance of effective magnetic flux KΦ ∼ 〈Djk · Si〉. We
show that the (exactly) coplanar spin configuration with
an in-plane DMI can give rise to a non-zero KΦ and in-
duce the nontrivial topology. In Sec. III we introduce the
spin model with the in-plane DMI for the kagome anti-
ferromagnets and substantiate the topological nature of
magnon bands based on the Holstein-Primakoff method.
In Sec. IV the thermal Hall conductivity is calculated
with different canting angles. Conclusions and discus-
sions are given in Sec. V.
II. DZYALOSHINSKII-MORIYA INTERACTION
AND SPIN CHIRALITY
As pointed out by Katsura et al. in Ref. [17], there is a
coupling between the scalar chirality and magnetic fields
through the ring exchange process, which, we believe,
is the primary interaction source of magnon topological
effects in spin systems. In order to get such TRS-broken
three-spin interactions in a spin Hamiltonian with the
(two-spin) DMI, we decompose the DM vector as,
Dij = D
⊥
ij +D
‖
ij , (1)
where D
‖
ij represents the component whose direction
aligns with the third contiguous spin Sk that is deter-
mined uniquely through the (cyc. perm.) triangular-
bond ∆ijk. D
⊥
ij describes the transverse deviation from
Sk. If D
‖
ij 6= 0, the DMI can be mapped effectively onto
a ring exchange interaction as,
D
‖
ij · (Si × Sj) =
KΦ
S
Sk · (Si × Sj) , (2)
where KΦ = Dij · Sk/S. The DM vector behaves
as an “orbital magnetic field” in Eq. (2). For exam-
ple, in the collinear ferromagnetic kagome systems, all
spin moments are given to be directed normal to the
kagome plane and only the out-of-plane DMI is consid-
ered Dij = Dz , one has KΦ = Dz 6= 0 and then finite
magnon Hall-type transport [17, 24, 25]. However, the
fictitious magnetic flux KΦ does not always exist due to
the dot product between Dij and Sk, especially in the
antiferromagnetic systems.
As an example, let’s revisit the antiferromagnetic
honeycomb lattice with out-of-plane DMI, as shown in
Fig. 1(a). In the case of collinear spins, the DMI of six
bonds can be classified into two classes (corresponding
the blue △ and red ▽ in Fig. 1(a),
Dz · (Si × Sj)▽ ⇒
Dz
S
sin(η)〈Sk〉 · (δSi × δSj) , (3)
Dz · (Si × Sj)△ ⇒ −
Dz
S
sin(η)〈Sk〉 · (δSi × δSj) , (4)
where η is the angle between the spin plane and the hon-
eycomb plane. Clearly, the scalar chirality fluctuation
of upward-pointing triangle △ cancels out the contribu-
tion from the downward-pointing triangle ▽. No matter
which value η takes, one always has the total KΦ = 0,
which implies that the out-of-plane DMI can’t serve as
the coupling field in the spin-wave Hamiltonian. How-
ever, for the case with non-collinear spin configuration
as shown in Fig. 1(b), the cancellation doesn’t occur,
Dz · (Si × Sj)▽ ⇒
Dz
S
sin(η)〈Sk〉 · (δSi × δSj) , (5)
Dz · (Si × Sj)△ ⇒
Dz
S
sin(η)〈Sk〉 · (δSi × δSj) , (6)
where η is redefined for the angle between the corre-
sponding spin moment 〈Sk〉 and the honeycomb plane.
Now KΦ ∝ sin(η), which deduces that the thermal Hall
conductivity is proportional to the canting angle η, in
consistent with the previous results [42]. Similarly, the
coupling magnetic flux in kagome antiferromagnets with
3TABLE I. Connection between the spin chirality and the thermal Hall effects in honeycomb and kagome lattices with out-of-
plane DMI Dz.
Magnetic structure
Fictitious magnetic
flux KΦ
Ref.
Thermal Hall
coefficient κxy
Mechanism
Honeycomb Collinear FM Dz [28, 30] ∼ Dz DMI
Collinear AFM 0 [42] 0 no
Canted non-collinear AFM Dz sin(η) [42] ∼ Dz sin(η) DMI and Zeeman field
Kagome Collinear FM Dz [17, 43] Dz DMI
Coplanar q = 0 120◦ AFM 0 [40] 0 no
Non-coplanar 120◦ AFM (J +Dz) sin(η) [40] ∼ (J +Dz) sin(η) Non-coplanar chiral spin
the out-of-plane DMI and the coplanar q = 0 state is zero
because of the orthogonality between the DM vector Dz
and adjacent spin Sk (cf. Fig. 1(c)). For comparision,
in Table I, we list topological properties of different spin
configurations on honeycomb/kagome lattices in terms of
the fictitious magnetic flux, along with previous studies
in the literature.
Now we turn to the research on the effect of in-plane
DMI (Dp). For the coplanar q = 0 spin configuration on
the kagome lattice (as shown in Fig. 1(d)), the magnetic
flux provided by the in-plane DMI can survive since the
Dp is parallel to 〈Sk〉,
Dp · (Si × Sj)⇒ −Dp
S
〈Sk〉 · (δSi × δSj) . (7)
Noted that the sign in Eq. (7) is opposite to the contri-
bution given by the non-zero scalar chirality [40]. Conse-
quently the coupling fields provided respectively by the
in-plane DMI and the scalar chirality will weaken each
other (in the Sec. IV we will discuss this cancellation in
more detail). From the symmetry point of view, the so-
called (non-coplanar) umbrella spins with non-zero scalar
chirality 〈χijk〉 6= 0 and a weak ferromagnetic moment
breaks the TRS statically [41, 44, 45]. However, the fluc-
tuation of scalar chirality δχijk can be finite from the
mean-field argument even though 〈χijk〉 = 0 in the case
of coplanar magnetic orders, Eq. (7) suggests a dynam-
ically TRS-broken interaction in the spin-wave Hamil-
tonian. A finite topological magnon Hall effect is thus
expected in the coplanar spin configuration with the in-
plane DMI.
III. SPIN MODEL AND TOPOLOGICAL
MAGNONS
Let’s consider the spin model on the frustrated kagome
lattice, in which the DMI comes naturally because of
lacking of an inversion center [46, 47],
H =
∑
i,j
JijSi · Sj −
∑
〈i,j〉
Dij · Si × Sj −Bzˆ ·
∑
i
Si,
(8)
where the first term contains the nearest-neighbour
(NN) and the next-nearest-neighbour (NNN) antiferro-
magnetic interactions J1 and J2, respectively. Dij =
(0, Dp, Dz) with Dp and Dz being the in-plane and the
out-of-plane DMI for the bond (ij), respectively (cf.
Fig. 2). B is the normal magnetic field in units of gµB.
The influence of the DMI in the frustrated kagome lattice
has been studied extensively. For the spin-1/2 case, both
exact diagonalization method and the Schwinger bosons
mean field theory have predicted a quantum transition
between the quantum spin liquid with a small |Dz| and
the q = 0 Ne´el state as |Dz| > Dcz ≈ 0.1J1 [48–52]. For
higher spins, an ordered 120◦ magnetic configuration is
favorite in energy [44]. The out-of-plane DMI Dz stabi-
lizes the 120◦ coplanar q = 0 spin structure [44]. Even if
Dz = 0, the coplanar structure can be equally stabilized
by the NNN coupling J2 [53]. Depending on the sign of
Dz, two vector chiralities can be allowed in the kagome
lattice. As shown in Fig. 2, we choose that Dz > 0 corre-
sponds to the positive vector chirality in the Ref. 44. The
in-plane DMI Dp breaks mirror reflection symmetry with
respect to the kagome plane and the global spin rotation
symmetry [44, 45]. It prefers umbrella spins. However,
the vector chirality that stems from the in-plane com-
ponent Dp is the same as the one selected by Dz > 0.
By taking spin Si as a classical vector, the canting angle
of the 120◦ spin structure up to the first order can be
FIG. 2. Non-coplanar spin configuration on the kagome lat-
tice with positive vector chirality. All the spins have a weak z
component resulting in weak ferromagnetic angle η. The yel-
low arrows and circles in the middle point between the mag-
netic sites represent the in-plane DMI and out-plane DMI,
respectively.
4expressed by (see the Appendix A for details),
η =
B/S + 2
√
3Dp
6(J1 + J2) + 2
√
3Dz
. (9)
For a small η, Eq. (9) is a good approximation. It is
obvious that one can eliminate the canting angle to re-
cover the coplanar spin structure by balancing the in-
plane DMI with applied external magnetic field B =
−2√3SDp. Consequently, we have a very good oppor-
tunity to check immediately whether the dynamic δχijk
(but with χijk = 0) can result in topological magnon
bands or not.
The spin wave excitations of the 120◦ coplanar q = 0
spin structure with balanced Dp and B is investigated
by Holstein-Primakoff bosons (see Appendix A). Fig-
ure 3 shows the bulk magnon bands along the high-
symmetry points of the Brillouin zone with Γ = (0, 0),
K = (2pi/3, 0), and M = (pi/2, pi/2
√
3). The param-
eters are from the ideal kagome antiferromagnets such
as iron jarosite KFe3(OH)6(SO4)2 [45] and veseignite
BaCu3V2O8(OH)2 [54]. There are two evident features
in the figures: (i) One Goldstone mode at the Γ point
due to regaining of the SO(2) rotation symmetry by ad-
justing magnetic field B to compensate the canting angle
induced by the in-plane Dp. (ii) Finite gap appears in
the rest of the Brillouin zone. It should be noted that
these gaps do not go to zero in the thermodynamic limit
even if they look very small.
In general, the dynamic δχijk is composed of three
main contributions,
HΦ = HΦJ1 +H
Φ
Dz
+HΦDp , (10)
HΦJ1 = −J1
√
3
2
sin ηzˆ · (S′i × S′j) , (11)
HΦDz = Dz
1
2
sin ηzˆ · (S′i × S′j) , (12)
HΦDp = Dp
1
2
cos ηzˆ · (S′i × S′j) . (13)
The corresponding fictitious magnetic flux reads KΦ ∼(−J1√3 sin η +Dz sin η +Dp cos η), which is closely cou-
pled to the z-polarized (magnon) spin current [38]. Ev-
idently, the dynamic scalar chirality δχijk survives even
at η = 0. Now the in-plane DMI becomes an only source
of topological spin excitations in the q = 0 coplanar
magnetic ordering, which possesses different mechanism
from the one with non-coplanar magnetic configuration
induced by external magnetic fields [39, 40]. Further-
more, the HΦDp won’t disappear immediately even if the
coplanar spins are deformed into the umbrella configura-
tion. The influence of the in-plane DMI on the magnon
bands of non-coplanar configuration will be discussed in
Sec. IV.
In order to confirm the topological nature of magnons,
the chiral edge states are demonstrated in the Fig. 4 using
the strip geometry with open boundary conditions along
y direction and infinite along x direction. We clearly see
crossed chiral edge modes between the middle and lower
bands from Fig. 4 (a) and (b). This forcefully supports
the existence of topological magnons driven by only the
in-plane DMI. Another evidentiary quality of topological
magnons is the non-zero Chern number of the bulk bands.
Unlike electron systems, the Chern number of bosonic
systems is not well-defined because of the lack of the
Fermi surface and an evenly filled band. However, we
can still calculate the Chern number for the n-th bulk
band mathematically as
Cn =
1
2pi
∫
BZ
Ωnk d
2k, (14)
where Ωnk is the Berry curvature for bosonic Bogliubov-
de Gennes systems. Noted that the formula of Ωnk
has to be modified accordingly (See Appendix B) [55].
The Chern numbers in Fig. 3 (a) and (b) are given as
(+3,−1,−2) going from the lower, middle, and upper
bands. When the Dp drops to zero, both the gapless
chiral edge modes and the Chern numbers will disap-
pear. This is insofar conclusive: the non-trivial topologi-
cal spin excitations of coplanar magnetic structures must
be purely tied to the dynamic spin chirality given by the
in-plane DMI (cf. also Eq. (7)). For comparison, the edge
modes under the influence of Dp with the large canting
angle sin η = 0.4 are also shown in Fig. 4 (c), which is
almost as same as the case without Dp in Ref. [40]. This
seemingly suggests that the Dp is negligible for the topo-
logical property of the non-coplanar spin configuration
as in the previous studies [40] when the canting angle η
is quite large. However, one should be careful about this
conclusion because the Chern number is the feature of
the entire Brillouin zone. Actually, the calculations show
that the Chern number Cn = (−1,+2,−1) for magnon
bands with Dp is different from Cn = (−1,+4,−3) for
the bands in the absence of Dp. The change of Chern
numbers stems from the symmetry breaking. As we
mentioned, Dp breaks the SO(2) spin rotation symmetry
and tends to give rise to weak out-of-plane ferromagnetic
component. As a result, the zero-energy Goldstone mode
at the Γ point is lifted in the non-coplanar spins by the
in-plane DMI. A new gap at the Γ point increases with
the external field B. The “monopole” at the Γ-K line
is dissolved as the magnetic field B reaches the thresh-
old value. In Figure 5, we demonstrate the substantial
change happening in the magnon band structures and
Berry curvature of the non-coplanar spins with/without
Dp.
IV. TOPOLOGICAL THERMAL HALL EFFECT
The thermal Hall effect is a powerful probe to unveil
the topological nature of low-energy quasipaticle excita-
tions in magnetic systems. The magnon thermal Hall
conductivity κxy is closely connected to the Berry curva-
5FIG. 3. The magnon bulk bands of the coplanar spin configuration with the canting angular η = 0. (a) Dz/J1 = 0.062,
Dp/J1 = 0.062, J2/J1 = 0.035, and B/J1 = −0.537 with J1 = 3.18 meV corresponding to iron jarosite KFe3(OH)6(SO4)2. (b)
Dz/J1 = 0.07, Dp/J1 = 0.19, J2/J1 = 0, and B/J1 = −0.329 with J1 = 4.6 meV corresponding to veseignite BaCu3V2O8(OH)2.
The insets magnify the gaps of magnon bands indicated by red squares.
FIG. 4. Edge states in kagome antiferromagnets with in-plane
DMI. (a) η = 0, parameters corresponding to iron jarosite
KFe3(OH)6(SO4)2 (same as in Fig. 3(a)). (b) η = 0, parame-
ters corresponding to veseignite BaCu3V2O8(OH)2 (same as
in Fig. 3(b)). (c) sin η = 0.4, Dz/J1 = 0.06, Dp/J1 = 0.06,
and J2/J1 = 0.03 corresponding to the parameters in Ref. [40]
with in-plane DMI appended. The blue lines are the gapped
bulk bands and the green lines are the gapless edge modes.
ture [23],
κxy = −k
2
BT
~V
∑
k∈BZ
N∑
n=1
{
c2 [g (εnk)]− pi
2
3
}
Ωnk. (15)
Here, g (εnk) is the Bose distribution function g (εnk) =
1/ [exp (εnk/kBT )− 1], c2(x) is defined as c2(x) = (1 +
x)
(
ln 1+x
x
)2 − (lnx)2 − 2Li2(−x). The (low) temper-
ature dependence of κxy of the coplanar spin config-
uration is plotted in Figure 6 with the parameters of
KFe3(OH)6(SO4)2 and BaCu3V2O8(OH)2, respectively.
Both showing monotonically increasing behaviour, very
similar to the previous temperature dependence of the
non-coplanar configuration caused by Dp in Ref. [41].
FIG. 5. The magnon bulk bands (upper) and the corre-
sponding Berry curvature of the middle band (bottom). (a)
Dp/J1 = 0.06. (b) Dp/J1 = 0. Other parameters are the
same as in Fig. 4(c). The “monopole” at the Γ-K line is
indicated by the red square.
That means that the in-plane DMI dominates the Hall-
type spin transport in the system even if there is a small
canting angle. However, while the canting angle increases
with Dp (cf. Eq. (9)), the role of the in-plane DMI on κxy
of the non-coplanar spin configures is complex as shown
in the following.
A. Small canting angle
As given in the Eq. (10), the fictitious magnetic fluxKφ
is composed of three main contributions as η 6= 0. When
the canting angle η is smaller than about 0.1, we have
HΦDp ∼ Dp
(
1− η2), HΦJ1 ∼ J1η, and HΦDz ∼ Dzη (which
is one order less than HΦJ1 given that the out-of-plane
6Dz/J1 < 0.1). The topological properties are now deter-
mined by both the non-zero scalar chirality χijk (mainly
through HΦJ1) and the dynamic fluctuation δχijk (prin-
cipally from HΦDp). Moreover, when the canting angle
is very small (η ≈ 0), the dynamic δχijk becomes the
dominant mechanism of topological magnon bands. So
it is not strange that one can still have a large thermal
Hall effect even the scalar chirality χijk ≈ 0. On the
other hand, to exclude a phononic contribution from the
thermal transport, the sign changes in κxy induced by
the Chern number (KΦ) sign alternation is incisive when
varying the external magnetic field. Such the phase tran-
sition point can be estimated based on the Eq. (9) and
Eq. (10),
KΦ ∼J1
√
3η −Dzη −Dp
(
1− η2) (16)
= α · B/S + β +O(B2),
α =
√
3J1 −Dz
6 (J1 + J2) + 2
√
3Dz
;
β =
(
6J1 − 2
√
3Dz
6 (J1 + J2) + 2
√
3Dz
− 1
)
Dp.
Figure 7 indicates the critical value of magnetic field,
B/J1S ∼ 0.0235 (i.e., B/J1 ∼ 0.0588 with S = 52 )
with the parameters of KFe3(OH)6(SO4)2, which is in
consistent with the numerical result (B/J1 ∼ 0.06) [41].
Given that J1 = 3.18 meV, κxy undergoes sign changes
at B ∼ 1.6 Tesla, which can in turn be used for valu-
ing the strength of the in-plane DMI of the frustrated
kagome antiferromagnets.
FIG. 6. Low temperature dependence of thermal Hall con-
ductivity κxy with the canting angle η = 0.
FIG. 7. The flux KΦ as a function of applied magnetic field B
based on Eq. (16) with the parameters of KFe3(OH)6(SO4)2.
B. Large canting angle
For the non-coplanar umbrella spins with large canting
angle (cos η ≪ 1), Eq. (10) indicates that the contribu-
tion of the in-plane DMIHφDp is tiny compared to theH
φ
J1
and HΦDz . It seems that the effect of H
φ
Dp
on the magnon
topological properties could be negligible. However, it
is not true from the point view of spin symmetry. As
shown in Fig. 5, the in-plane Dp breaks the global spin
rotation symmetry and results in a finite gap at the Γ
point. We have then fully gapped magnon bands in the
entire Brillouin zone, which provides an energy barrier
for thermal excitations. Thus, it is anticipated that the
thermal Hall conductivity with the in-plane DMI will be
smaller than the value without Dp, as indicated by the c2
function as well [23]. Figure 8 displays the comparison
of κxy with/without Dp under the large canting angle,
respectively. As expected, the presence of in-plane DMI
blocks the excitations and suppresses the thermal Hall
effect.
V. CONCLUSIONS
In summary, we have shown that the fluctuation of
scalar spin chirality δχijk is directly related to the
magnonic transport in spin systems. For the magnet-
ically ordered system with nonzero δχijk and fictitious
magnetic flux KΦ in terms of the DMI, the time-reversal
symmetry is dynamically broken and topologically non-
trivial bands of magnons can be expected. Based on
these considerations and detail analysis for the frustrated
kagome antiferromagnets with the in-plane DMI, it was
found that the in-plane DMI can give rise to topologi-
cal magnon bands with chiral edge modes and non-zero
Chern number even in the case of coplanar q = 0 Ne´el
state. The proposed model has been applied to real an-
tiferromagnets to discuss the effects of in-plane DMI on
the magnon thermal Hall responses and resolve the con-
7FIG. 8. Low temperature dependence of thermal Hall conduc-
tivity κxy with sin η = 0.4, Dz/J1 = 0.06, and J2/J1 = 0.03.
tradictory of large thermal Hall conductivities but with
tiny spin chirality. For the non-coplanar spins with large
canting angle η, the gapped magnons induced by the in-
plane DMI is considerably suppressed the thermal excita-
tions and reduces the thermal Hall conductivity κxy. In
this regard, the present study generalises the No-go the-
orem for the antiferromagnetically coupled systems and
clarifies the mechanism of nontrivial topology in magnon
systems.
VI. ACKNOWLEDGMENTS
This work is supported by the National Natural Sci-
ence Foundation of China (No. 11474138 and No.
11834005), the German Research Foundation (No. SFB
762), the Program for Changjiang Scholars and Inno-
vative Research Team in University (No. IRT-16R35),
the Fundamental Research Funds for the Central Uni-
versities, Ministry of Science and Technology of China
through grants CN-SK-8-4, the Slovak Academy of Sci-
ences (Grant No. 2/0059/17) and the Slovak Research
and Development Agency (APVV SK-CN-2017-0004).
Appendix A: The magnon tight binding Hamiltonian in the Holstein-Primakoff mean-field theory
To study the fluctuations of the spin wave, we first need to determine the classical groundstate of the sys-
tem. In the classical limit, the SU(2) spin operators can be replaced by the classical SO(3) vectors, S =
S (cos θ cos η, sin θ cos η, sin η), where η is the canting angle. The oriented angles of three sub-lattices are θA = pi/2,
θB = 7pi/6, θC = −pi/6 for the 120◦ magnetic configuration. Thus, the classical energy reads [44]
Ecl
NS2 =(J1 + J2) (1− 3 cos 2η) /2−
√
3Dz cos
2 η −
√
3Dp sin 2η −B sin η/S. (A1)
By minimizing the energy, the canting angle η is determined by,
0 =
∂
∂η
(
Ecl
NS2
)
=3 (J1 + J2) sin 2η +
√
3Dz sin 2η − 2
√
3Dp cos 2η −B cos η/S. (A2)
Up to the first order, η is given by
η ≈ B/S + 2
√
3Dp
6(J1 + J2) + 2
√
3Dz
. (A3)
For the magnonic properties, it is necessary to perform a local coordinate transformation for getting the spin-wave
excitation above the groudstate,
SA =
(
S′xA , cos ηS
′z
A + sin ηS
′y
A ,− cos ηS′yA + sin ηS′zA
)
,
SB =
(
−1
2
S′xB −
√
3
2
(
cos ηS′zB + sin ηS
′y
B
)
,
√
3
2
S′xB −
1
2
(
cos ηS′zB + sin ηS
′y
B
)
,− cos ηS′yB + sin ηS′zB
)
,
SC =
(
−1
2
S′xC +
√
3
2
(
cos ηS′zC + sin ηS
′y
C
)
,−
√
3
2
S′xC −
1
2
(
cos ηS′zC + sin ηS
′y
C
)
,− cosηS′yC + sin ηS′zC
)
, (A4)
8where S′i is the local spin operator, (A, B, C) are three sublattice sites as depicted in Fig. 2. Then the Hamiltonian
Eq. (8) can be rewritten as
H = HJ1 +HJ2 +HDz +HDp +Hz , (A5)
HJ1 = J1
∑
〈ij〉
[
cos
2
3
pi S′i · S′j − sin
2
3
pi sin ηzˆ · (S′i × S′j)+ 2 sin2 13pi (cos2 ηS′yi S′yj + sin2 ηS′zi S′zj )
]
, (A6)
HJ2 = J2
∑
〈〈ij〉〉
[
cos
2
3
pi S′i · S′j − sin
2
3
pi sin ηzˆ · (S′i × S′j)+ 2 sin2 13pi
(
cos2 ηS′yi S
′y
j + sin
2 ηS′zi S
′z
j
)]
, (A7)
HDz = −Dz
∑
〈ij〉
[
sin
2
3
pi
(
S′xi S
′x
j + sin
2 ηS′yi S
′y
j + cos
2 ηS′zi S
′z
j
)
+ cos
2
3
pi sin ηzˆ · (S′i × S′j)
]
, (A8)
HDp = −Dp
∑
〈ij〉
[
sin
2
3
pi sin 2η
(
S′zi S
′z
j − S′yi S′yj
)
+ cos
2
3
pi cos ηzˆ · (S′i × S′j)
]
, (A9)
Hz = −B sin η
∑
i
S′zi . (A10)
Obviously, several terms that can be rewritten as the fictitious magnetic field coupling with spin chirality provide
anomalous velocity of the magnons, they are
HΦ =
(
−J1
√
3
2
sin η +
Dz
2
sin η +
Dp
2
cos η
)
zˆ · (S′i × S′j) . (A11)
We have neglected the flux term coming from HJ2 . Because the magnitude of J2 sin η is far less than J1 sin η and
Dp cos η under the condition of small canting angle η.
Following the Holstein-Primakoff approach, the local spin operators are expressed by the bosonic annihilation and
creation operators as S′xi =
√
S/2(b†i + bi), S
′y
i = i
√
S/2(b†i − bi, ), and S′zi = S− b†ibi [56]. The magnon tight binding
Hamiltonian becomes
HSW =S
∑
k,α,β;1,2
2
(
M0αβδαβ +Mαβ;1,2
)
b†
kαbkβ +M
′
αβ;1,2
(
b†
kαb
†
−kβ + bkαb−kβ
)
, (A12)
where α, β = A,B,C and the coefficient matrixs are expressed byM0 =M0I3×3 with M
0 = (J1 + J2)
(
1− 3 sin2 η)+
Dz
√
3 cos2 η +Dp
√
3 sin 2η +B sin η/2S.
M1,2 =M1,2

 0 γ
1,2
ABe
−iφ1,2 γ1,2CAe
iφ1,2
γ∗1,2AB e
iφ1,2 0 γ1,2BCe
−iφ1,2
γ∗1,2CA e
−iφ1,2 γ∗1,2BC e
iφ1,2 0

 and M′1,2 =M ′1,2

 0 γ
1,2
AB γ
1,2
CA
γ∗1,2AB 0 γ
1,2
BC
γ∗1,2CA γ
∗1,2
BC 0

 , (A13)
where γ1AB = cos k1, γ
1
BC = cos k2, γ
1
CA = cos k3; γ
2
AB = cos p1, γ
2
BC = cos p2, γ
2
CA = cos p3 and pi = p ·
e′i, e
′
1 = e3 − e2, e′2 = e1 − e3, e′3 = e2 − e1. The normalized fluxes are given by φ1,2 = tan−1
(
M im1,2/M
re
1,2
)
, and
M1,2 =
√
(M re1,2)
2 + (M im1,2 )
2, where
M re1 =
1
4
J1
(
3 cos2 η − 2)−
√
3
4
Dz
(
1 + sin2 η
)
+
√
3
4
Dp sin 2η, (A14)
M im1 =
(
−
√
3
2
J1 +
1
2
Dz
)
sin η +
1
2
Dp cos η, (A15)
M ′1 =
1
4
(
3J1 cos
2 η +
√
3Dz cos
2 η +
√
3Dp sin 2η
)
, (A16)
M re2 =
1
4
J2
(
3 cos2 η − 2) , (A17)
M im2 = −
√
3
2
J2 sin η. (A18)
9It needs to be emphasized that the flux does not vanish even if both η and Dz are equal to zero. This means that the
only Dp with coplanar spin structure can break the TRS as well.
By introducing Nambu spinor [
β†
k
β−k
]
≡
[
b†
kA, b
†
kB, b
†
kC , b−kA, b−kB, b−kC
]
, (A19)
The Hamiltonian can be written as
HSW = E0 + S
∑
k
[
β
†
k
β−k
] ·Hk ·
[
βk
β
†
−k
]
. (A20)
Appendix B: Berry curvature for bosonic Bogliubov-de Gennes systems
Although the Chern number can be still defined as Eq. (14) for the bosonic BdG system, the formula of Berry
curvature is different from the fermion system. A general formalism is developed for bosonic BdG systems by Shindou
[55]. Unfortunately, this method contains derivatives of the eigenstates that can not be used directly for numerical
calculations. Here the gauge-independent formula of Berry curvature are provided for bosonic BdG systems. We
consider a quadratic form of generic bosonic Hamiltonian as given by Eq. (A20). Such a bosonic BdG Hamiltonian
can be diagonalized by the Bogliubov transformation by using the para-unitary transformation Tk instead of the
unitary transformation,
T †
k
Hk Tk =
[
Ek
E−k
]
(B1)
with [γ†
k
, γ−k]T †k = [β†k, β−k], whose diagonal element gives the dispersion relations of the bulk bands. The matrix T
satisfies the para-unitary
T †τˆT = τˆ , (B2)
where a diagonal matrix τˆ takes ±1 in the particle/hole space, i.e., [τ ]jm = δjmτj with τj = +1 for j = 1, . . . , N and
τj = −1 for N +1, . . . , 2N . N is the number of bands. The paraunitary defines the Berry Curvature of α bulk energy
band given by,
Ωij;α = −2Im
[
τˆ (∂iT †)τˆ (∂jT )
]
αα
= −2Im [ταα(∂iT †α )τˆ (∂jTα)]
= −2Im [ταα〈∂iT †α |τˆ ∂jTα〉] . (B3)
Using Eq. (B1) and Eq. (B2), the completeness operator is derived as
2N∑
β
τββ |τˆTβ〉〈T †β | = I2N×2N , (B4)
2N∑
β
τββ |τˆTβ〉〈T †β ||τˆTα〉 = |τˆTα〉. (B5)
Insert Eq. (B4) into Eq. (B3), we have
〈T †β |H |Tα〉 = 〈T †β |Eατˆ |Tα〉,
〈∂jT †β |H |Tα〉+ 〈T †β |∂jH |Tα〉+ 〈T †β |H |∂jTα〉 = 〈∂jT †β |Eατˆ |Tα〉+ 〈T †β |∂jEατˆ |Tα〉+ 〈T †β |Eατˆ |∂jTα〉,
〈T †β |∂jH |Tα〉 = 〈T †β |τˆ ∂jTα〉(Eα − Eβ),
〈T †β |τˆ ∂jTα〉 = 〈T †β |∂jH |Tα〉/(Eα − Eβ). (B6)
Then the Berry curvature can be written alternatively as:
Ωij;α = −2Im

ταα 2N∑
β 6=α
τββ
〈T †α |∂iH |Tβ〉〈T †β |∂jH |Tα〉
(Eα − Eβ)2

 . (B7)
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We can immediately see that Eq. (B7) is manifestly gauge independent. It is more advantageous to use Eq. (B7) to
replace the Eq. (B3) as the Berry curvature does not depend explicitly on the phases of eigenvector. Obviously, the
Berry curvature and the Chern number calculated by the Eq. (B7) are in accord with the relations,
N∑
α=1
Cα =
2N∑
α=N+1
Cα = 0, (B8)
Ωij;α(k) = −Ωij;α+N (−k) (B9)
as derived in Ref. [55].
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